We show birationality of the morphism associated to line bundles L of type (1, ..., 1, 2, ..., 2, 4, ..., 4) on a generic g−dimensional abelian variety into its complete linear system such that h 0 (L) = 2 g . When g = 3, we describe the image of the abelian threefold and from the geometry of the moduli space SU C (2) in the linear system |2θ C |, we obtain analogous results in IP H 0 (L).
Introduction
Let L be an ample line bundle of type δ = (δ 1 , δ 2 , ..., δ g ) on a g-dimensional abelian variety A. Consider the associated rational map φ L : A −→ IP H 0 (A, L).
When g = 2, Birkenhake, Lange and van Straten ( see [3] ) have studied line bundles of type (1, 4) 2)In the exceptional case φ L : A −→ A ′ ⊂ IP 3 is a double covering of a singular quartic A ′ , which is birational to an elliptic scroll.
Here we generalise this situation to higher dimensions and show Theorem 1.2 Suppose L is an ample line bundle of type δ = (1, ..., 1, 2, ..., 2, 4, ..., 4)
on a g-dimensional abelian variety A, g ≥ 3, such that 1 and 4 occur equally often and atleast once in δ. Then, for a generic pair (A, L), the following holds.
a) The associated morphism φ L : A −→ IP H 0 (A, L) is birational onto its image.
b) When g = 3, the image φ L (A), can be described as follows, there are 4 curves C i on the image φ L (A) such that the restricted morphism φ L :
Birkenhake et.al (see [3] , Proposition 1.7, p.631) have shown the existence of the
where p(z 0 : z 1 : z 1 : z 3 ) = (z Similarly, when g ≥ 3 and the pair (A, L) as in 1.2, we show that there is a commu- Since deg(φ M 2 • π) = 2 g+1 and from the birationality of φ L , it follows that deg(p| φ L (A) ) = 2 g+1 . But since degp = 2 2 g −1 the inverse image of the Kummer variety in IP H 0 (L) has components other than the image φ L (A). Hence the image φ L (A) will be defined by forms other than those coming from those forms which define the variety K(B).
We study the situation when g = 3, in detail. Consider a pair (A, L), with L being an ample line bundle of type (1, 2, 4) on an abelian threefold A. Consider an isogeny A −→ B = A/G, where G is a maximal isotropic subgroup of K(L) of the type
. Then B is a principally polarized abelian threefold. If B is isomorphic to the Jacobian variety of C, J(C), where C is a smooth non-hyperelliptic curve of genus 3, then the situation becomes interesting because of the following results due to Narasimhan and Ramanan. ( Here IP 7 = |2θ|, where θ is the canonical principal polarization on the Jacobian J(C) and SU C (2) is the moduli space of rank 2 semi-stable vector bundles with trivial determinant on the curve C).
Theorem 1.4 ( See [11])
The Kummer variety K is precisely the singular locus of
The quartic hypersurface, F = 0, is classically called the Coble quartic and is G(2θ)-invariant in the linear system |2θ|. We identify the group of projective transformations, H, of order 8, which acts on π
Now we use the geometry of the moduli space SU C (2) in the linear system |2θ|, which has been extensively studied ( see [5] , for instance), to get analogous results in IP H 0 (L).
We show
(here e L is the Weil form on the group K(L)).
Let IP W a be an eigenspace in IP H 0 (L), for the action of a. Then there is a polarized abelian surface (Z, N), N is ample of type (1, 4) and a commutative diagram
Here (P a , θ a ) is the Prym variety associated to the 2-sheeted unramified cover of the curve C, given by π(a) and IP V a is the eigenspace in IP H 0 (2θ), for the action of π(a).
The isomorphisms above are Heisenberg equivariant and the morphism q is given as (r 0 : r 1 : r 2 : r 3 ) → (r We thus obtain the situation described by Birkenhake et.al in the case g = 2, nested in the case g = 3.
Moreover, the G(N)-invariant octic surface φ N (Z) is mapped isomorphically onto the a ⊥ /a(≃ Heis(4))-octic R ∩ IP W a and we identify the set ∩ h∈H h(φ L (A)) with the set of all pinch points and the coordinate points in φ N (Z), occurring in each of the eigenspace IP W a , (see 5.6). Finally, we make some remarks on the moduli space A (1, 2, 4) . Notation : Suppose L is a symmetric line bundle i.e. L ≃ i * L for the involution
The Heisenberg group of type δ, Heis(δ) = I C * × K 1 (δ) × K 1 (δ) and V (δ) = {f : f :
Consider the semi-direct product, G(L)( ×(i), of the theta group associated to L and the group generated by the involution i. Let γ ∈ G(L)( ×(i) be an element of order 2. 
, g-times. Consider the exact sequence
to a principal polarization M on B. By Projection formula and using the fact that
where L χ denotes the line bundle corresponding to the character χ,
Hence
χ ∈Ĝ} is a basis for the vector space H 0 (L) and since
We now show that {s
In fact, we show that the homomorphism
is an isomorphism, for a generic pair (A, L).
, where r is the number of 2's occurring in δ, E 1 , ..., E r are elliptic curves with line bundles L i on E i of degree 2 and A j are simple abelian surfaces with line bundles L j on A j of type
In this case, one can easily see that the homomorphism
, where (F j , M j ) are polarised elliptic curves of degree 1 and (B j , M j ) are principally polarised abelian surfaces. Also, the group G is generated by elements of the type (e 1 , .., e r , a
where each of e j and a ′ j are non-trivial 2 torsion elements of E j and A j , respectively. Now it is easy to see
and (*) is an isomorphism.
Hence, for a generic pair (A, L) as above, (*) is an isomorphism.
As a consequence, we obtain the following
( This is well known if H consists of all the 2-torsion points of B ′ , for any principally
where θ is the unique divisor in |M ′ |, the assertion is equivalent to showing the surjectivity of the multiplication map
HereĤ is the dual image of H in P ic 0 (B ′ ). But we showed above this isomorphism, if
where L ′ is of type (2, 2, ..., 2). By similar argument used in proving (*), (!) is still true when
where L j are line bundles of degree 2 on the elliptic curves E j . Hence our assertion is true for a generic pair (
is a morphism and we obtain a commutative diagram (I),
where p(..., s χ , ...) = (..., s 2 χ , ...).
Proof:
Then the action of γ is fixed point free on A.
Hence by Atiyah-Bott fixed point theorem,
( see [1] , 4.6.6), where s is the number of odd integers occurring in the type of L.
Hence the Galois group of
Then γ is an involution on A, given as a → ǫa + g where ǫ = ±1, g ∈ G and it induces an involution
Hence φ L factorizes as A
This means that the morphism ψ 2 is given by the pair (N,
This contradicts the fact that the morphism φ L is given by a complete linear system. Hence φ L is a birational morphism.
3 Configuration when g = 3
Assume g = 3. Choose a theta structure f : G(L) −→ Heis(2, 4), ( i.e. f is an isomorphism which restricts to identity on
. Let σ 1 , τ 1 , σ 2 , τ 2 be the generators of the summands such that o(σ i ) = 2 and o(τ i ) = 4. The Weil form e L is given as
Then we see that the subgroup
We may assume L is strongly symmetric (see [10] , Remark 2.4., p.160), i.e., e
. Here e L * : A 2 −→ {±1} is a quadratic form whose value at an element a, of order 2 is the action of ψ at the fibre of L at a.
Consider the exact sequence
By [6] , Proposition 2.3, p.141, we further assume that f is a symmetric theta structure,
We may assume c = +1, by suitably altering the lift τ
Then L descends to a principal polarization M on B = A/G.
As remarked in Section 2,
where
and sinceπ(L χ ) = 0, we have π
implies that i(s 0 ) = ±s 0 . We may assume i(s 0 ) = s 0 .
Proof: We will use 3.3 and the fact that g We then have the commutative diagram,
.
..(I).
Here degree(p) = 2 7 and degree(π) = 8. Since we have shown that φ L is a birational morphism, degree(φ L ) = 1 and hence degree(p| φ L (A) ) = 2 4 . The ramification locus of
Consider the group J generated by the projective transformations α i ,
Then order(J) = 2 7 and the group J is the Galois group of the finite morphism p.
Proposition 3.6
The group G ′ × < i > can be identified as a subgroup of J.
Proof: : Since the action of g ∈ G on the abelian threefold is fixed point free, the 
In Section 2, we have seen that {t 0 = s 
Proof: : Consider the commutative diagram
Suppose the degree of the restricted morphism φ ′ L is greater than 2. Since the Galois group of the morphism φ ′ M 2 • π ′ is the group G× < i >, the Galois group of φ ′ L contains an element g ∈ G. Hence the element g acts trivially on the curve C. This means that C is contained in one of the eigenspaces IP W ± of IP H 0 (L), for the action of g. We claim that the intersection φ L (A) ∩ IP W ± is at most a finite set of points. This will give a contradiction. −→ IP W ∓ , which is base point free in the first case ( by [2] ) and has a finite base locus in the second case ( by [10] ). This proves our claim. 2
Now, the group G leaves the curve C invariant and moreover since σ 2 (H 6 ) = H 7 , we get σ 2 (C) = C. Hence the curves
are also invariant for the action of σ 2 and since for x ∈ C, i(x) = x, i.τ
The morphism φ L restricts to a morphism of degree 2 on the curves τ 2 (C) ), onto their respective images. Moreover, the Galois groups of these restricted morphisms are < i >, < i.τ 
Proof: : Let g ∈ K(L) 2 and (g, φ) ∈ G(L) be a lift of order 2 and ψ : L −→ i * (L) be the normalized isomorphism. By [7] , Proposition 3, p.309,
= (g, φ) (since L is strongly symmetric). 
Hence the following diagram commutes
L ψ ≃ i * (L) ↓ φ ↓ i * (φ) t * g L t * g (ψ) ≃ i * t * g L = t * g (i * L) Evaluating at a ∈ A + 2 ( respectively A − 2 ), gives ψ(a) = t * g (ψ)(a) = ψ(a + g), i.e. a + g ∈ A + 2 ( respectively A − 2 ). 2 Now let a ∈ A
Proposition 3.12 The points h(P
Proof: : By 3.11, the action of G on the set A − 2 has two distinct orbits, namely 
Prym Varieties
We recall few facts on Prym varieties ( see [5] , [9] , [12] , for details).
Let C be a smooth projective curve of genus g. We will assume C has no vanishing theta nulls. In particular, when g = 3, this means C is a non-hyperelliptic curve. A point of order 2, in X = Jac(C), say x, defines an unramified 2-sheeted cover C x of C, q x :
o , where 'o' denotes the connected component containing 0 ∈ Jac(C x ). Here Nm(q x )(O( r i P i )) = O( r i q x (P i )) is the norm map. This defines a principally polarized abelian variety (P x , θ Px ), of dimension g − 1. Since the kernel of the dual map q ′ x : X −→ Jac(C x ) is generated by the element
Hence det(q x * (p)) is also x, for any p ∈ ker(Nm(q x )).
Fix a z ∈ X with z 2 ≃ x. This gives a map
The image of ψ x is independent of the choice of z. Recall the map
where L generates P ic(SU C (2)) ≃ Z Z.
Let IP V + x and IP V − x be the two eigenspaces for the action of x on |2θ C |. Then there is one component of Ker(Nm(q x )) in each eigenspace. So we get a map φ x : P x −→ IP V x . Proposition 4.1 The map φ x : P x −→ IP V x is the natural map
Proof: : See [5] , Proposition 1, p.745. We now assume B = J(C), where J(C) is the Jacobian of a non-hyperelliptic curve C of genus 3. (This is the generic situation, since the dimension of the moduli space of principally polarized abelian threefolds is 6 which equals the dimension of the moduli space of curves of genus 3.) Recall the results of Narasimhan and Ramanan ( T heorem1.3, T heorem1.4), to obtain a morphism
where 1) F is a quartic hypersurface and is the isomorphic image of the moduli space SU C (2) and 2) the Kummer variety K(C) is precisely the singular locus of F .
We will use the following α ∈ I C * acts as multiplication by α n ( called as of 'weight n'), is in bijection with the set of characters on the subgroup of n−torsion elements, K(L) n , of K(L). Moreover, the dimension of any such representation is
. ( (n, d i ) denotes the greatest common divisor of n and d i .)
Proof: : When n = 2, the statement is proved in [6] , Proposition 3.2, p.142. The same proof holds when n > 2, by choosing a section over the subgroup of n-torsion elements, Proof: : Consider the multiplication maps
Ker(ρ n ) = vector space of degree n forms containing the image K(B) in IP H 0 (2θ). Since the vector spaces Sym n H 0 (2θ) and H 0 (2nθ) ( via the homomorphism G(2θ)
are G(2θ)-modules, of weight n and ρ n is equivariant for the G(2θ)-action, I n is also a G(2θ)-module of weight n. Now the homogenous polynomial F ∈ I 4 and the partial
, for some scalar α. Hence W is a G(2θ)-module of weight 3. By 5.1, dimension of such an irreducible representation is 8. This proves our assertion. 2
Similarly, we see that
, by applying 5.1.
Recall the Weil form e L on K(L) and the isotropic subgroup G =< σ 1 , τ
Recall the basis {s 0 , s 1 , ..., s 7 } of H 0 (L) and {s 2) The vector space H 0 (N) can be written as
and there is a commutative diagram
where q(r 0 : r 1 : r 2 : r 3 ) = (r Proof: : 1) Consider the isomorphism φ P :
and L y 2 denote the images of y 1 and y 2 under this map. These two line bundles define an unramified cover, f : Z −→ Y , whose Galois group is isomorphic to Z Z/2Z Z × Z Z/2Z Z, as asserted.
Then N = f * P is an ample line bundle and dimH 0 (N) = 4. So to see that N is of type (1, 4) , it is enough to show that K(N) has an element of order 4. Consider the
This implies that if z 1 and z 2 are in Z such that f (z i ) = y i , then z 1 , z 2 ∈ K(N). Moreover, since e P 2 (y 1 , y 2 ) = −1 and
This gives e N (z 1 , z 2 ) = ±i. Hence the elements z 1 , z 2 ∈ K(N) are of order 4.
2) Clearly,
. Now, in the algebraic equivalence class of N, there are strongly symmetric line bundles. Hence, by tensoring P with a suitable line bundle of order 2, we may assume that N = f * P is strongly symmetric and r 0 ∈ H 0 (P ) is such that i(r 0 ) = r 0 .
Since N is strongly symmetric, by 3.
We may further choose the lifts such that δ −1 (z
In particular, the descent data of N to P is Then there is an abelian surface Z and a symmetric line bundle N on Z of type (1, 4) surface (P a , θ Ca ), (P a being the Prym variety associated to the element π(a) ∈ K(M 2 )), such that
Consider the images of τ 1 , τ 2 , which are elements of order 2 in J(C). Since e L 2 (τ i , a) = 1, 
